Abstract. It was recently proved that for p > 2m 3 − 4m 2 + 2m the constants of the Hardy-Littlewood inequality for m-linear forms on p-spaces are less than or equal to the best known estimates of respective constants of the Bohnenblust-Hille inequality. In this note we obtain upper bounds for opposite side, i.e., the constants when 2m ≤ p ≤ 2m 3 − 4m 2 + 2m. For these values of p our result improves previous estimates from 2014 of Araujo et al. for all m ≥ 3.
Introduction
Let K be the real scalar field R or the complex scalar field C. For any integer m ≥ 2, the HardyLittlewood inequality (see [1, 7, 8, 12] ) for m-linear forms asserts that for 2m ≤ p ≤ ∞ there exists a constant C K m,p ≥ 1 such that, for all m-linear forms T : n p × · · · × n p → K and all positive integers n,
|T (e j 1 , ..., e jm )| 2mp mp+p−2m
Moreover, the exponents 2mp mp+p−2m are optimal. The case p = ∞ recovers the famous Bohnenblust-Hille inequality (see [6] ):
Theorem (Bohnenblust-Hille inequality). There exists a constant B mult K,m ≥ 1 such that for all m-linear forms T : n ∞ × · · · × n ∞ → K and all positive integers n,
|T (e j 1 , ..., e jm )|
These inequalities are, in some sense, predecessors of the multilinear theory of absolutely summing operators (for details and recent results on multilinear summing operators we refer to [5, 9, 11, 13] and the references therein).
The achievement of the optimal values of B mult K,m and/or C K m,p is a quite challenging problem and seems to be far from a definitive answer. From [4] we know that B mult K,m are dominated by constants with sublinear growth, or more specifically,
where γ from now on denotes the Euler-Mascheroni constant. On the other hand, the best known upper bounds for the constants in (1) were, until very recently, √ 2 m−1 (see [1, 7] ). In 2014, the upper estimate √ 2 m−1 was improved in the papers [2, 3] :
• (Araujo et al. [2] ) For all integers m ≥ 2 and p ∈ 2m 3 − 4m 2 + 2m, ∞ we have
A close look at (3) and (4) shows a surprising lack of continuity when p = 2m 3 − 4m 2 + 2m, i.e., by making p → 2m 3 − 4m 2 + 2m in (4) we do not recover the estimate (3) for p = 2m 3 − 4m 2 + 2m. In this note we provide better estimates for the case 2m ≤ p ≤ 2m 3 − 4m 2 + 2m, improving (3) whenever m ≥ 3 (when m = 2 our argument would provide the same constants from [2] ). Moreover, our estimates are continuous when compared with (4) . More precisely, we prove the following result:
where γ is the Euler-Mascheroni constant.
Remark 1.2. When p = 2m 3 − 4m 2 + 2m we easily note that the estimates (5) coincide with (4). It is also not difficult to verify that the estimates of (5) are better than (3).
The proof
The proof follows the lines of the proof of [3] with a technical change in the interpolation procedure. Let s = 2mp mp + p − 2m and note that 2m m+1 ≤ s ≤ 2. Let also λ 0 = 2s ms + s − 2m + 2 and note that λ 0 < s ≤ 2.
..., m and all positive integers n,
Above, as usual,
means that we are summing over all j k for all k = i. Now we need a good estimate for the constant C m in (6) . For this task, note that the multiple exponent (λ 0 , s, s, ..., s)
is the result of the interpolation (in the sense of [1, Section 2]) of the multiple exponents
. . .
with, respectively,
.
Above note that we have used the hypothesis 2m ≤ p ≤ 2m 3 − 4m 2 + 2m. From [2, 4] we know that for the multiple exponents E 1 , ..., E m−1 the inequality (6) (m−1)
for real scalars and
for complex scalars. Let
and that the conjugate number of
for all j = 0, ..., m − 1. Now the proof follows straightforwardly the lines of [3] . be such that
Then there exists a constant C K m,p,q ≥ 1 such that
for all m-linear forms T : n p × · · · × n p → K and all positive integers n. In [2] the following result is proved: Using the same ideas of the previous section and following the lines of [2] we can prove the following result (the proof is long, although the arguments are similar to the previous, and we left the details for the interested reader):
For all m-linear forms T : n p × · · · × n p → K and all positive integers n, we have
|T (e j 1 , ..., e jm )| 
